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Steady waves of finite amplitude induced by pressure periodically distributed
along the fluid surface and disappearing when this pressure becomes constant are
called here induced waves, Steady waves of finite amplitude occurring under
constant surface pressure at particular velocities of the stream are called free
waves, Induced capillary-gravitational waves at the surface of an infinitely deep
fluid were investigated in [1, 2], while similar free waves were analyzed in [3, 4],

The possibility of concurrent existence of both kinds of such capillary-gravi-
tational waves of small but finite amplitude at some particular velocity of the
stream at infinite depth is considered below, These waves are called composite
waves, When the varying component of pressure distributed over the surface be-
comes identically zero, these waves do not disappear but are transformed into
free waves,

The problem is considered in a rigorous formulation and reduces to the solu-
tion of three nonlinear equations one of which is integral and the remaining two
transcendental, The pressure at the surface is defined by an infinite trigonometric
series whose coefficients are proportional to integral powers of some dimension-
less small parameter, which are by two units higher than their index number,

The theorem of existence and uniqueness of solution is established, and the
method of its proof is indicated, Derivation of solution in the form of series in
powers of the small parameter mentioned above with any approximation is des-
cribed, The first three approximations are completely calculated, An approxi-
mate equation of the wave profile is presented, Purely gravitational composite
waves were considered in [5].

1, Statement of problem and derivation of basic equations, Let
us consider a plane -parallel steady motion of a perfect incompressible heavy fluid boun-
ded only from above by a free surface subjected to pressure py = p,’ + po(z), where
p, = const ,and p,(x) is a specified periodic function of the horizontal coordinate
Z. The stream is assumed to flow from left to right at specified constant velocity ¢ at
infinite depth, As already indicated, induced waves will occur at any velocity ¢ when-
ever the term po(z) is present, In the absence of py(z) free waves appear at certain
particular values of ¢. It is assumed here that the pressure at the free surface contains
both of these terms, The free surface represented in coordinates attached to a wave pro-
gressing at velocity ¢ , has the form of a stationary periodic wave, We seek waveswhich
do not disappear but for po(z) = O and specific velocities ¢ are transformed into free
waves, As already indicated the latter are called composite waves,

Let the unknown composite wave and pressure p,(x) be symmetric about the vertical
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drawn through the crest, We superpose the y-axis of an orthogonal system of coordinates
zy on the axis of symmetry and direct that axis upward, We locate the coordinate ori-
gin O at the point of intersection of the ¥ -axis with the free surface and direct the 2 -
axis to the right,

We take the plane of flow xy as the plane of the complex variable z = & + iy.
Let ¢ denote the potential of velocities, Y the stream function, W = ¢ -+ Y the com-
plex potential of velocities, and U and V denote the projections of the velocity vector
q on the coordinate axes, We then have

dw/dz = —U+iV, U= —0d9ldz, V = —dg/dy

To derive the basic equations of this problem we first conformally map the region
occupied by a single wave and represented by a vertical infinite half-band bounded from
above by a wave-like curve on the haif-band 0 < @ <A, 0 P o0 inthe w-
plane, and then map this half-band into the interior of a unit circle whose center in the
plane u = u; - iUy lies at the coordinate origin, It is assumed that the wavelength

4, corresponds to the period of function p4{x). The mapping is carried out by formula

w——-—;"-alnu (1.1)

which transforms the wave profile into the circumference of the unit circle with a slit

along the radius arg u = 0. Mapping of circle J 2 | <{ 1 in the region of a single wave

in the g-plane is determined by formula
iz A el
N T

vy ou)=0+iv (1,2)

Since function () is holomorphic, it can be represented by a Taylor series inside the
circle, Owing to the symmetry of the wave, the coefficients of this series must be real,

From (1.1) and (1, 2) we obtain

dw | dz = —ce’=i®
This implies that throughout the stream function @ is equal to the angle between the
velocity vector ¢ and the x -axis and that
q=1q/[=ce (1.3)

Note that in the expansion of @ (u) the free term 4, = 0, since at infinity the velo-
city of the stream is equal ¢ and is parallel to the x-axis,

For u = ei® (B is the angle of the position radius to the y, -axis) (1,2) yields a dif-
ferential equation; separating in it real and imaginary terms and integrating, we obtain
for the wave profile the parametric equation

]
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1t follows from (1, 4) that for solving the problem it is necessary to determine besides
@ (B) also T (0). The expansion of function @ (u) shows that these functions can be
represented by the following gigonometric series

— (@) = D) A,cosnd,  D(O)= D A,sinnd (1. 5)

n=\ n=1

where
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where in accordance with the previous statement A, = 0 , Expansions (1, 5) satisfy
the condition of symmetry of the unknown wave about the vertical passing through its
crest,

We represent the boundary condition along the surface by the Bernoulli integral

plp=C—gy—1/¢ (1. 6)

where C is a constant, § is the acceleration of gravity, and 0 is the density, At the
free surface the difference of pressures is balanced by the resultant of surface tension
forces, By the Laplace law for these forces we have

P—po==%=p/R (1.7
where p is the pressure from the side of the fluid, p, = p,’ + po(z) is the pressure

from outside the free surface, u is the capillary constant,and R is the radius of curva-
ture at points of the surface, Expressing the curvature in terms of d® / df, we obtain

2np A0
P—Po= =97 (1. 8)
Substituting expression (1, 8) for p into (1,6) and taking into account (1, 3), we obtain
2
20 —v[oe — e = Zwge — po* @] .9
Actp 2 (Cp — po’) __ g\ __ 2po(7)
= T ! 8= e K= F" po* (2) = pc? (1.10)

where 2 and y which are functions of 0 are determined by formulas (1,4), Takinginto
account the formula for y and separating in the right-hand part of (1,9) terms which
are linear with respect to @ and 7, we obtain

0
Rt =v{6 — @+ Dr4x S(I)(n)d'q— SO —1)+Fir, D, S, 61} (1.11)

[

Flv,®,8,8] =68(e" —141)— (et —1 —1) +
[}

xe= § (=™ sin ® (1) — O ()] dn —

0

0 8
%§ @ (m)dn + e { D (M) — S @) (e — 1 + )
0 0
It is assumed here that with an accuracy to within the constant appearing in p,’
po*(2) = X evidycos Tz, §(6) = py* [z (6)] (1,12)
n=1

where ¢ is a small positive dimensionless parameter and d,, are specified real numbers,
The series Xe"d, is convergent in the circle & > 0. To determine S (0) it is ne-
cessary to substitute in (1,12) the values of = (0) / A obtained from the equation

0

z(8) 1 ¢ <

—}V—_——.HSe mcos @ (n)dn (1,13)
0

which follows from (1, 4),
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Let us determine more accurately the formulas for parameters, In the case of a free
wave S (6) = 0 and it is necessary to set ¢ = c,*(1 — €?) , where ¢,? is defined
by the following formula [1] for a free linear capillary-gravitational wave of length A:

2
= ”"' + £ (1.14)
Taking into consideration the indicated expresslon for ¢, from (1,10) we obtain
Ap 274 o2) o al0) (4 — g2 (o)._.?.‘ﬁf.‘!_z_
‘\’:m (1 8)—"\’ (1 8)1 v 4““ (1'15)
o0 g)v
B e
*= el — o) %o \1+ él T me?

Substitution of these expressions into (1,11) yields

8
=t —@E+ DT+ w{Dmadn+ (1.16)

Il

o ]
% 3 e { D (m)dn— S @)(1 — ) + F 7, D, S, 8]} — v (...}
(14

n=1
where the expression omitted in the second braces must be the same as in the firstbraces,
Equality (1,16) defines the relation between functions T (6) and @ () at the circum-
ference | u | = 1. The Dini relations [6]
an oo
dt 1 gin n1m 8in n0
D(0) = S Ko(n,0) 35 dn, Ko(n,0) = 71.21—“3;‘— (1.17)
kS —

v(®) = —\ K(n ) S2dn, K(n,0) = 320

7
n=1

Om:;

are valid for these,

We transform the terms in braces in (1, 16), which are linear with respect to T, @ and
e , by using formulas (1,17) and integration by part, We then combine in the firstbraces
the terms (with coefficients 2 and — x,) with the same integrand d® / dry and with

different kernels oo
2 €03 nv) cos nd

K (7}; e)a K3 (Th 9) =
n=1
where K,(1, 8) is the first iteration of kernel K (7, 0).

The constants v(® and %, in Eq, (1.16) are considered to be specified, since cy? is
fixed and § is determined by the condition of periedicity @ (8) = @ (0 + 2 n).
Since £ appears in the right-hand part of Eq, (1,16), its solution and consequently also
8 depend on &. Let us set § =8, 4 8(e) (1.18)
The condition of periodicity at & — ( implies that §, = 1, since for this the solution
§ (&) also tends to zero, After all ransformations with allowance for (1,18), Eq, (1, 16)
assumes the final form (dots in the second braces denote the last six terms which are the
same as those in the first braces)
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2

t®=vw{] K*m oL (mdn+8 @+ .19

¥ @S Kmo)tman+x§ Kim0)z(mdn + ¥ (©,e)}—

vt (2§ KOt (dn—nol Ku(nOTman+ ...

L] 27

g(e)=.‘gl, ¥ (0, &) = %, 2 Sznsfb(n)dﬂ—s(e)[i‘*‘g K(n,e)C(n)dn]+
n—1
Fir, D, S, 1—{—6’(8)0
0 nt 508 n
K*(n,0) ZM&‘_(__), Vo = 5T an(e)=cV;

n=1 ‘n

where v, are eigenvalues and @,(0) eigenfunctions of kernel K*(v, 6). It is also as-
sumed that v = v, and parameter %, is selected so that the eigenvalue v, is simple
and positive [1], Note that for v(® = v, parameter c¢,? is determined by the speci-
fied formula, since (1,14) follows from formulas (1,19) for v, and from (1, 15) for 0
and %,-
The condition of periodicity for function @ (0) yields the relation
n

8 (e) = — uoS K, (n, 005 (n)dn + (1,20)

s=[6'a)+x§ K, (n,0)¢(n)dn] — 1”‘3‘1’(9@«16

The problem has been thus reduced to the determination of functions [ (0, &) =
d® /d6 and z (6, &) / A and of the constant § = 1 -+ §’(e) from the system of
Egs, (1.13),(1,19) and (1,20),and 7T (0, &) determined by (1,17) and

0

@8, ¢) = {2 (n, ) dn (1,21)
[}

Using (1,13) for eliminating x (0, &) / A in Eqs,(1,19) and (1, 20) and taking (0, €)
and @ (0, e) from (1.17) and (1, 21), respectively, we reduce the system to two equa-
tions, viz, : (1,19) and (1,20), Equation (1,19) is nonlinear integral with respect to
€ (0, e) with kernel K*(v, 0) and parameter +(® = v,. Equation (1, 20) is nonlinear
and transcendental with respect to the constant §’(g). However it is more convenient
to consider the system of three equations without resorting to the above transformation,
Then the only integral equation which is nonlinear with respect to { (0, €) is Eq,(1,19);
the remaining equations as well as (1, 19) must be considered transcendental and non-
linear with respect to x (0, €) /A and §’(e) with the operators and functionals linear
with respect to the unknown functions,

2, Solution of basic equations of the problem, We seek the solution
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of the system of Eqs, (1,13), (1,19) and (1, 20) in the form of series in powers of para-
meter €. For each of the coefficients of the expansion of function § (0, €) we obtain
a linear integral Fredholm equation of the second kind with kernel K*(v, 0) and para-
meter V® = v, (v, is the first eigenvalue of that kernel), For the first coefficient of
that expansion we obtain a homogeneous integral equation whichis solved by the second
Fredholm theorem, Equations for the coefficients of all subsequent approximations are
nonhomogeneous, and are solved by the third Fredholm theorem, The solution of each
of these equations is in the form of a sum of solution of a homogeneous equation with
undetermined coefficient C,, (for the n-th approximation) and of the particular solu-
tion of the nonhomogeneous integral equation, The coefficient (', is determined by
the condition of the equation solvability in the (n -- 2)-nd approximation,

Thus each of coefficients C,,, C;, and C,, is determined by the condition of sol-
vability of equations in the fourth, fifth and sixth approximations,

For the coefficients of expansions of remaining quantities we obtain a system of linear
algebraic equations, That system, which is always solvable, yields for the coefficients
of a given approximation explicit expressions in terms of quantities determined in pre-
ceding approximations,

2,1, Determination of the first three approximations, Below we
present third approximation expressions for [ (0, &), z (0, €) / A and &'(e)

£(0,e) =eCyyc050 4 2Cpycos 20 4 €2 (Cygcos0 + (2.1)
C,y;c0830)

z(0,8)
Y
3 . i { .

TBIT.- [Cls sin 0 —}“ S ('—6’ C_ll’ + —-%—- CIICZI + % CSS) sin 36]

" i3 2 .
— 5= Cyy 8in @ — —— (Cyy* + Cyy) 5in 20 —

? 2 Al 9
8 (8) = — exeCr1 + - % (C1a® — Coa) —
1 1 . 1
e%%o (T8—6’u3 + & C11Co2 + C11 -+ C13 + T (/3:;)
WISy = 0 (see (2.5)), Cay = — ¥y % Crivivy | (vg — ¥1) (2.2)
Css = 1/12011 [0112 1 — 11/3”0) — 13/2 “0022] vivg /[ (vg — Vi)

Coefficient C,4 has not been calculated, because the fifth approximation required for
its determination was not computed; (,, is determined by the equation

[‘1/4 + 9/32 Koz'vl'\’z/ (Vz - Vl)] Cll3 - 2C11 - dl = 0 (2. 3)

Note that for d; = 0 Eq, (2. 3) is the equation which determines (,, in the case of a
free wave,

2,2, Determination of further approximations, As previously stated,
the coefficient (', is determined by the solvability condition of the equation for §,(6),
which leads to the following relation:

C1aC1®11 4 ¥ gng®vivy [ (v — Vi) 1 =0 (2.4)

Since C,; 5= 0 and, as can be shown, the expression in brackets is also nonzero, hence

Cm =0
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It can be shown by the method of mathematical induction that, as in the case of
n =3, [,(0), z,(8) and 8 are similarly uniquely determined for any positive inte-
gral n > 3. The equation for C,,, is linear beginning with » = 2, and the coeffici-
ent at (,, is the same as in (2, 4),

3, Determination of the wave profile, The wave profile in parametric
form z(0, &) and y(0, €)is determined by formulas (1, 4) into which it is necessary to
substitute @ (0, €) and 7 (0, €). We recall that functions v (0, &) and @ (0, ¢) are
determined in terms of { (0, &) by formulas (1,17) and (1,21), respectively, Eliminating
0 in the paramerric equations, we obtain for the profile anequation of the form y =
y (z, &)

The equation of the wave profile, accurate to within third order terms, is

y(z, e) =k e Cy(coskr — 1) + Y, €2 (C1,2 — C,,) (1— (3.1)
cos 2 kx) + g &3 [(6 Cy5+ %/, C1,Cyy) (cos kz — 1) -+
(3C11® — 8/, C1yCoy + /5 Cy5) (cos 3 kz — 1)1}

where & = 2 1t / A and coefficients C;; are defined by formulas (2,2) and (2, 3).

Note, Asstated in Sect,1, the coordinate origin is located at the crest of the wave,
hence for = close to zero y must be negative, Analysis of the principal term in (3,1)
shows that Cy; > 0,and Eq, (2, 3) implies that to satisfy this condition it is necessary to
set d; > 0.

4, Existence and uniqueness of solution of the problem, Using
the Liapunov-Schmidt methods and their development [7], we can establish the follow-
ing theorem,

Theorem, The system of Egs, (1.13),(1,19) and (1,20) has the unique solution
£(0,¢), z(0,¢e)/Aand 8'(e) (8'(e) =0 (e) — 1) which is small with respect to
e and continuous with respect to 6 (0 <C 0 <C 2 m) and that solution is an analytic
function of € for small | e | << &, & &,.

The proof of the theorem is similar to that presented in [8, 9],

The absolute and uniform convergence of series for @ (0, &) and T (9, &) follows
from the theorem, The convergence of series in powers of & for the integrand functions
in (1,4) follows from general theorems on the analysis of the substitution of series into
series, The convergence of the series, whose approximate sum is defined by formula
(3.1),is established on the basis of general theorems of analysis,

Note For solving this problem function p,* (z) was specified in the form (1,12),
which made it possible to derive the solution in the form of series in integral powers of
parameter e. If it is assumes that o )

* (7)) — n nn
po* (z) = Ela dncosTx
then it is possible to show by analyzing the branching equation of the Liapunov-Schmidt
method that it would be necessary to construct the solution in the form of series in po-
wers of €',
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We develop an approximate theory of stationary propagation of the planar front
of a two-stage parallel exothermic reaction in a condensed medium and in a gas,
In constructing the solutions we use the method of matched asymptotic expan-
sions, As parameter of the expansion we employ the ratio of the sum of the ac-
tivation energies of the reactions to the terminal temperature, the latter being
determined in the course of solution of the problem, We show the characteristic
limiting modes corresponding to the various parameter values which appear in
the problem, For each of these modes we obtain approximate analytical expres-
sions for the wave velocity, the distribution of concentrations, and the terminal
temperature,

1, Statement of the problem, The stationary propagation of the planar



